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MATHEMATICAL MODEL OF DYNAMIC
HEAT- AND MASSEXCHANGE PROCESSES
IN A GLASSMAKING FURNACE

V. E' Dzhashitov, V. M. Pankratov, and UDC 666.1.031.84:551.515.3
A. V. Golikov

Theoretical foundations have been developed and a mathematical model of dynamic heat- and mass-exchange
processes in a glassmaking furnace has been constructed, which makes it possible to calculate and visualize
nonstationary temperature fields in the furnace volume and nonstationary fields of velocities of convective
glass-mass flow in the molten bath. Test calculations for a specific structure of a glassmaking furnace which
have shown the effectiveness of the model constructed have been performed.

Formulation of the Problem and Theoretical Foundations of Its Solution. The necessity of designing and
creating modern glasses with prescribed properties calls for knowledge of the character and parameters of convective
flows and thermal processes occurring in glassmaking furnaces. On the other hand, the complexity of these heat-ex-
change processes [1, 2] is responsible for the wide range of theoretical and experimental methods and means employed
in studying them.

The present work seeks to construct and investigate a mathematical model of coupled nonstationary heat- and
mass-exchange processes occurring in a glassmaking furnace (Fig. 1).

We pose the problem of obtaining the equations of heat- and mass-exchange processes occurring in the mol-
ten bath and other zones of the glassmaking furnace and of determining and visuaizing nonuniform, three-dimensional,
nonstationary temperature fields and fields of velocities of glass-mass flow.

The experience gained by the authors in studying heat- and mass-exchange processes in complex devices and
systems of air-space instrument engineering [3] makes it possible to realize the idea of double application of modern
methods and means of investigation to the problem formulated.

In the molten bath of a standard continuous glassmaking furnace (Fig. 1a, b, and f), there are zones of maxi-
mum (region of the third burner in the melting zone) and minimum temperatures (regions of the first and sixth burners
in the melting zone and production regions in the cooling zone) creating vertical and horizontal temperature gradients
and causing the main thermal convection in the longitudinal direction of the furnace. There are also additional convec-
tive flows in the transverse direction due to the corresponding temperature gradients.

The basic initial equations [4-6] are as follows:

(1) the coupled nonstationary equation of nonisotherma motion of an incompressible viscous continuum in the
Overbeck—Boussinesg approximation

ov _ 11—+ 2,
E+(V[ED)V—g|3T—BgradP+vD ; (1)
(2) the energy (heat- and mass-transfer) equation
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(3) the continuity equation
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Fig. 1. Glassmaking furnace, diagram of heat exchange and of motion of glass-
mass flows (Cq, Co, ..., Cg, by, by, ..., bg, a1, @, ..., ag are the geometric di-
mensions): a) standard temperature curve with a temperature rise 1 at the
burner flames; b) longitudina section of the furnace [2) melting tank, 3) melt-
ing zone, 4) refining zone, 5) gas-medium zone, 6) charging zone, 7) knuckle,
8) water refrigerator, 9) cooling zone, 10) production zone, 11) bed plate, 12)
supporting columns, figures 1, 2, ..., 6 inside the furnace are the numbers of
the burners]; c) cross section of the furnace; d) flow-velocity profiles in the
longitudina section (Ugg, Ugp, and Ugs, are the maximum horizontal compo-
nents of the velocities of glass-mass flow in the zones of melting, refining,
and cooling respectively; h; and hy, are the characteristic heights of the glass
mass); €) flow-velocity profiles in the cross section (Vg; and Vg, are the maxi-
mum horizontal components of the velocities of glass-mass flow in the left-
hand and right-hand zones); f) top view of the glassmaking furnace (figures 1,
2, ..., 6 inside the furnace are the numbers of the burners).

divV =0. 3

The coupled problem described by the system of equations (1)—(3) is solved with allowance for the vertical
temperature gradients occurring in the molten bath of the furnace.

According to [5, 6], it is assumed that the system possesses trandational invariance in the coordinate y; there-
fore, the variables in Egs. (1)—(3) depend on two spatial coordinates: the height z and the horizontal coordinate X,
which is perpendicular to the axis of the convective flows (Fig. 1d).

Let the following representations hold:
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V=VUuXzt),wkxzt), 4

T(X,Z,t)=TO+AT—A—};I-Z+9(X,Z,I). (5)

Introducing the stream function (%, z t) such that

u:—a—w, W:a—w, (6)
0z 0X

we obtain the automatic fulfillment of the continuity equation (3).

Applying the rotor operator to Eq. (1) to eliminate pressure and alowing for representation (5) for the tem-
perature fields, from (1) and (2) we have the equations written in terms of the stream function Y(x, z t) and the tem-
perature deviation 6(x, z t):

oy 9
0X 0z

an

2wy =- 2 P+ 32 (Fuy +vity+ B S, @

9% __0woe dwoe ATy . o
. oxoz ozox h oz (C)

We transform (7) and (8) to a system of ordinary differential equations based on the Galerkin method [5, 6].
For this purpose we introduce the following representations of the functions Y(x, z, t) and 6(x, z t):

wxzt)= wl(t)sn—sm?, 9)

™ . Tz . 2z
B(x z1) =04 (1) cosysmr—ez(t)smT, (10)

L ™ . TZ
hLlJl(t)Sm cosr, =Xw1(t)00375|n?. (12)

In accordance with the Galerkin method, functions (9)—(11) exactly satisfy the boundary conditions

oudd
Whzopn=0, -0 =0, 80p=0, Wl—x=0. (12)
az[i_co,h

The impermeability of the bath walls and the presence of the free glass-mass surface are taken into account (tangential
stresses are absent for z = h).

Now, according to the Galerkin method, by substituting (9) and (10) into (7) and (8) and disregarding the
harmonics of third order or higher, after transformations we obtain the following system of nonlinear ordinary differ-
ential equations:

2.2 2, 2
viRZ+m) gBAh
= o+ 0. (13
! M2 T el
2 2,52 2.
N n kEEZ+h
91=‘_¢162+AT_¢'1‘%91' (14)
Ah Ah Ah
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The uncoupled problem [3, 4] described by the eguations which represent a particular case of system (1)—(3)
without nonlinear terms is solved with alowance for the horizontal temperature gradients. It is assumed that the con-
figuration of the temperature field, which has the horizontal components, is known and prescribed.

Under the assumptions made, the solving system of equations and relations in the polar coordinate system will
take the following form:

(1) the equation of nonisothermal motion of a viscous continuum

Ny @8 _ 1 P@) Fp@)

; (16)

0z MR 9 Y
(2) the projection of mass forces

Fo=—9[1-PBAT ()] cos¢ ; (17)
(3) the configuration of the temperature field

AT (¢) =ATycosd ; (18)

(4) the boundary conditions

Vi (0, ) = Vg (N, $) =0 (19)

Integrating (16) with respect to z with account for (17) and (18) and boundary conditions (19), we have the
following expression for the velocity component:

01 dP

I:
Vy (2. 9) = E)—R @ TDZ (Z=hgp)/2. (20)

Averaging (20) from 0 to 2t over ¢ and from O to hgyy, Over z and taking into account that P(2m) — P(0) =
0, we obtain the formula

< >_QBAT0@
/7y 12

(21)

As we see, the flow-velocity component due to the horizontal temperature gradients is in direct proportion to
the coefficient of therma expansion of the glass mass and the temperature difference and in inverse proportion to the
viscosity of the glass mass. To apply the relation obtained to evaluation of the convection in the molten bath of the
glassmaking furnace we introduce the weight factor p ~ hgnr(lz Varying this coefficient, we can select the prescribed
component of the flow velocity, which is due to the horizontal temperature gradients.

Thus, for evaluation of the maximum components of the velocities of glass-mass flow caused by the horizon-
ta temperature gradients in the gravitationa field with alowance for the continuity of the flow we can use the fol-
lowing relations:

AT AToh
9P 0y <W¢>:gBV)\O D, @

(Vo) =

The values of the velocities determined by formulas (22) are involved as additional terms in the representations of the
velocity fields (11):

1096



u= %%wla) T <V¢>§sin%sin%, w= %ﬂpla) + <W¢>§cos%sin%. 23)

The nonlinear equations and relations (4)—(23) obtained represent a basic theoretical foundation for solution of
the formulated problem of construction of a mathematical model of heat- and mass-exchange processes in a glassmak-
ing furnace.

Mathematical Modedl. For a comprehensive analysis of the dynamic thermal processes in a glassmaking fur-
nace we have constructed a mathematical model described by a system of differential equations and analytical relations
which enable us to alow for heat and mass transfer by conduction, free and forced convection, and radiation.

For description of the heat- and mass-exchange processes in the glass mass filling the molten bath of the
glassmaking furnace we employ the differential equations and relations obtained of the form (4)—(23). For description
of the heat- and mass-exchange processes in other zones of the furnace we use the differentia equations of a modified
elementary-balance method [3].

The external heat-release sources, heat exchange with the ambient medium, operation of the system of auto-
matic temperature control, thermophysical and geometric characteristics of the structural elements of the furnace, the
glass mass, the charged mixture, and the slag (density, heat capacity, thermal conductivity, viscosity, emissivity of the
surfaces, and others) are alowed for on the right-hand sides and in the coefficients of the equations.

We have also developed the computation agorithms and the algorithms of transition from the initial system
of partial equations to a system of nonlinear ordinary differential equations describing the considered heat-exchange
processes in the glassmaking furnace with allowance for the basic relations characteristic of the processes of glassmak-
ing [1-3].

The complete system of differential equations of the mathematical model of heat- and mass-exchange proc-
esses in the longitudinal section of the glassmaking furnace has the following form:

the burners and the thermal-control system

Cl:rl + 0y (Ty = T) +PQy,7 (T1 = T7) + Poly 13 (T — Tyg) =Ny,
CoTp + Oy 5 (Ty = To) + Pollp1a (To = Tyg) + U3 (To = Ta) + Py0lp g (T, — Tg) =Ny,
CaTa + U3 (Ta = To) + Pollz15 (T3 = Tyo) + U4 (Ta = Tp) + Pylizg (Ta— To) = N3,

C4Ta+ 034 (T4~ T3) + P20y 16 (Ta ~ Tag) + da5 (T4~ To) + P14 10 (T4~ T10) = Ny,

(24)

CsTs + a5 (Ts = T) *+ Polls 17 (Ts = Ta7) + As g (Ts = T) + P15 14 (Ts = Ty1) = Ns,

CeTo * Us,6 (To = To) * Pots 18 (Te = T1g) * P10ig 12 (To = T1o) = Ng:
the arch and lateral walls in the melting zone
C7T7+ Pylly 7 (T7 = To) + Gzg (T7 = Tg) + Uzmed (T7 = Tneqn) =0,
CaTg + trg (Tg = T) + P10 (Tg = T2) * U9 (Ts ~ To) + Ugmed (T ~ Trnea) =0,

CoTo + Agg (To=Tg) + P1lag (To = Ta) * g 10 (Tg = T10) * Aamed (To = Trnead) = 0,

C10T10* A9,10 (T1io = To) *+ P1fla.10 (Tio = Ta) *+ A10.11 (T10 = T12) + Gromed (T10~ Tmead) =0, (25)

C11T11 + A10.11 (T11 = T10) + P105.11 (T11 = Ts) + 11,12 (T11 =~ T12) + Agamed (T12 = Tres) =0

C12T12 + U112 (Ta2 = T11) + P18 12 (T12 = Te) + Uiomed (T12 = Tmeds) + G220 (T12 = Tog) =0;
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the mixture and the glass mass in the surface layer in the melting zone
C13T13* G131 (T13= T1a) + P2 13 (T13 = T1) + Grzmed (T13 = Trean) =0,
C1aT1a+ U314 (Tia = T19) * Ga 15 (T1a = Tag) + Po 14 (Tea = To) + Giamed (Tia = Tea) =0,
C15T15 + tha 15 (Tis ~ T1a) * s 16 (T1s = Tag) *+ Pz 15 (Tas = Ta) + Gismed (Tis ~ Trmee) =0,
C16T16* A15.16 (T16 = T18) + thg 17 (Tas = T17) *+ Potla 16 (Ti6 = T) * Aagmed (Tas ~ Tmeat) =0, 26
C17T17+ A16.17 (T17 = T1g) + 7,18 (Taz = Tag) *+ Polls 17 (T17 = To) * Ay7med (Taz = Tmea) =0,
C15T18* A17.18 (T1g = T17) + P18 (T18 = Te) * amed (T1s = Trmecs) *+ 1,26 (Tig = To) =0
the mixture and the glass mass in the surface layer in the cooling zone
Co6T26 * G126 (T26 = Tig) *+ Uag 27 (Tas = T27) * P10ha6.20 (T26 = To) + Uogmed (T26 = Tea?) = O,
C2rT27+ Uas.27 (T27 = Tag) + Ua7,08 (T = To8) *+ P10r7.30 (T27 = Ta0) + Upzmed (T27 = Tea) =0,

(27)

CoTa8 * U728 (Tog = Ta7) + Palog 31 (Tog = Ta1) * Gagmed (T2 = Trneao) = 0
the arch and lateral walls in the cooling zone
C2T29* A12.20 (T29 = T12) + P16l 29 (Too = T26) * Ap9:30 (T29 = Ta0) + Uoomed (T29 = Tea?) =0,
C30T30* 9,30 (Tao = To9) + P10l27,30 (Tao = T27) *+ Az 31 (T30~ Ta1) * Usomed (T30~ Trneas) =0 28
CarTa1 * Ganz1 (Tar = Tao) + Palog 31 (Ta1 = T2g) * Aatmed (T1 = Trnedo) =0

the equation of motion of the glass mass in the melting zone (the first to third burners)

2.2 2 2
: __ Vimdt!t ()‘melt + hmelt) n gB)‘melthmeIt 0
"I"lmelt - 2 2 Imdt 2 2 1melt
}‘melthmelt T[()‘melt + hmelt)

2 2,2 2
6 ___ I o + (Tis— Ty _ kit Amett * Ninett)
1melt = W1imetY2omeit 1melt > 2 1melt » (29)
}‘melthmelt melt' ‘melt )\melthmelt

. T[2 41'[2
Oomet = Wimat®1meit ~ Kmeit 5 —

eZmelt ;
2\ meithmat melt

the fields of temperatures and velocities of the glass mass in the melting zone (the first to third burners)
That % 2 1) =(Ty3+ T4+ T15)/3+ B gt (X, 2 1),

LTX Tz
Wrnat (% 2 1) = Pypgi () SN N Snh
melt melt

™ . TZ .21z
Bmat (% 2, 1) =By pgt () COS—— Sin——— = B¢ (1) SN o

)‘melt hmelt melt



L L 174 B L 174 (30)
Uogt=—7—Uy () sin cos -p (T5 — Tqq) SN——coS+—,
melt hmelt Imelt )\melt hmelt 9 Vit 15 13) )\melt hmelt
T ™ . Tz Peit OB ™ . Tz
Wit = 7 Wymeit () cos sin + g (Ty5— T13) COS——sin—;
m Ameit m Ameit Prmeit Ameit Vimelt Ameit Prmeit

the equations of mation of the glass mass in the refining zone (the fourth to sixth burners)

2 ,.,2 2 2
o VT A t Nres) IBA esMes
Wpef =~ 2 2 ref t 2 2 e1ref ,
)‘refhref T[O\ref + href)
2 2,32 2
N (Tig—Tie) T KTl (Arer + M)
Orer =~ W1rerOorer + lref — 2 2 1ref » (31)
)‘ref ref Arefhref }‘refhref
2 2
: T 41T
62ref = l1"1refelref - kref R 62ref ;
ref' 'ref ref

the fields of temperatures and velocities of the glass mass in the refining zone (the fourth to sixth burners)

T X, 21)=(Tyg+T17+T1g)/3+ 6,4 (X, 2 1),

Wi (% 2, 1) = Yg g (O) SN2 Sin 1%,
)\ref hFEf

B (% 2, 1) = By (1) cos)\ﬂ ST — B, (1) SN 22,

ref href href
s T Z oB TX 1174 (32)
U == 7 Wy (1) SN — cOS7— + pg = (T15 — T1g) Sh— coS—,
ref href Iref )‘ref href 9 Vyet 16 18) )‘ref href
T[ll—' 0 ™ Tz h,eng(T T ™ | TZ
Wit = 7 Wyper (1) COS— 8iN— = pg— —— (T4~ T1g) COST— SINT—;
' Aret ! Aret hFEf Aref Vref }‘ref th‘
the equations of mation of the glass mass in the cooling zone
2,2 2 2
ljJ - _ Vool T ()‘cool + hcool) gB)\oooI h(:ool
1cool — 2 2 1cool 2 2 VYlcool *
)‘cool hoool T[()‘cool +h’)
2 2,2 2
6 ___n 0 + (Tog—Tog T _ Kool Tt (Acoal * Noool)
1cool ~ W1co0192c00l 1cool 2 2 1cool (33)
cool' ‘cool cool hcooI Acool hcool
2 2
: T 4n
62000I = lIchoolelcooI - koooI 2 e2r:00| ;
2)\COO| cool ‘cool

the fields of temperatures and velocities of the glass mass in the cooling zone

Teool % 2 1) = (Tog+ Top + Tog)/3+ By (X, Z 1),

cool
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. TX . Tz
Weool (% Z 1) = Wyeoq (1) SN ~ sin h ,
cool ‘cool

™ . TZ . 2TZ
800 (X, 2, 1) = B0 (O COSy——sing—- Boc00) (1) SIN h
‘cool ‘cool

cool
L X 1 9B X A (34)
Ueool =~ 1 W1coal (1) SN N % + Pg (Tog— Tyg) SIN xS,
cool cool cool Vool cool cool
Tt ™ . Tz hcool gB T™X . TZ
W, | = "IJ]_ | (t) Cos an - pg (TZG - T28) COS———9n .
o Acool co0 Acool heool Acool Veool Acool hCOOl
The law of control of the temperature in the ith gas burner is
N g T T
D | | | ._ | 1 ]
N =N (P -1 a o< T, (35)

a T -T,<0.

Analogous equations have also been derived for the cross section of the glassmaking furnace.

The systems of equations and relations obtained are nonlinear and they are solved with standard methods (for
example, the Runge—Kutta method).

Characteristics of the Software System and Results of Mathematical Modeling and Their Visualization.
The set-up base of the initial data for calculation of the heat- and mass-exchange processes in a glassmaking furnace
includes the following basic modules: calculation parameters, thermophysical parameters, geometric parameters, and
correction factors.

From the initial database, we calculate the coefficients of the model that allow for the conductive, convective,
and radiant heat exchange in the furnace in accordance with [3].

The input data of the mathematical model constructed are the structural parameters of the glassmaking fur-
nace, the thermophysical characteristics of materials and media, temperature disturbing and controlling factors, and
other characteristics.

The output data are the three-dimensional, nonuniform, nonstationary temperature fields and fields of velocities
of glassmass flow in the functional zones of the glassmaking furnace.

The total number of calculation points of the mathematical model at which one determines the temperature
field in the volume of the glassmaking furnace and the field of flow velocities of the glass mass in the molten bath
is =~5000; about ~700 parameters are visualized and put out to the protocol at each instant of time with a prescribed
discreteness.

In the mathematical model developed and in the supporting TKSTEKLO software system, provision is made
for variation of the characteristics of melting regimes and the parameters of the basic structural scheme of the glass-
making furnace.

The TKSTEKLO software system for calculation and visualization of thermal processes in a glassmaking fur-
nace has been redized in two versions in the FORTRAN and C++ programming languages to ensure the maximum
speed of calculation and clear visudization of the stationary and nonstationary output data.

The tota volume of disk space occupied by the software system is 3.2 Mb. The requirements imposed on the
computer are as follows: presence of MS DOS and Windows 95 (or higher) operating systems, no less than 8 Mb of
RAM, and monitor resolution no less than 800 x 600 pixels. The calculation time of the nonstationary processes of
heat exchange on Pentium-I1l and -1V computers is 800 to 1500 times shorter than the real duration of the processes,
which enables us to solve not only the analysis problems but aso the synthesis problems on optimization of the fur-
nace parameters and the control actions.
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Fig. 2. Steady-state temperature field (a) and convective flows of the glass
mass (b) in the longitudinal section of the glassmaking furnace (figures 1, 2,
.., 6 in the circles inside the furnace are the numbers of the burners; the re-
maining figures are the values of the temperatures in different zones of the
furnace and of the ambient medium: time, within 20 h after the beginning of
the processes; the temperature at the indicated + point (a) of the glass mass is
1350°C; the horizontal (—15 m/h) and vertical (=2 m/h) components of the ve-
locities at the indicated + point (b) of the glass mass.

The constructed mathematical model of dynamic thermal processes in a glassmaking furnace is qualitatively
and quantitatively adequate to the real regime of melting of glass. As is shown by the investigations [3] and the pre-
liminary comparison of the data of computer calculations and field measurements made under the conditions of glass
melting in the actual furnace of the "Saratovsteklo" Public Corporation, the number of calculation points employed en-
sures accuracy of the calculation of the temperature fields and the fields of the velocities of glass-mass flow at a level
of 10 to 20% in the nonstationary regimes of melting of glass and of units of percent in the steady-state regimes of
melting of glass.

As the test calculation, we have modeled the regime of heating of a standard structure of a glassmaking fur-
nace from the initial temperature To = 1400°C to the temperature of a prescribed working state of melting of glass.

Output of the visualized information on calculation of the temperature field and the convective glass-mass
flows to the monitor of the computer is shown in Fig. 2.

The isotherms of the temperatures in the molten bath and in the zone of the furnace’s gas medium are shown
as contrasting shades of black and white (these pictures are colored on the screen of the monitor) in the scanning
mode "Temperature Field" (Fig. 2a). The figures show the values of the temperatures at each instant of time.

The fields of the velocities of glass-mass flow in vector form are shown in the scanning mode "Convective
Flows" (Fig. 2b).

Furthermore, at each instant of time, the user can point to any zone of the molten bath of the furnace with
the mouse cursor and the values of the temperature and the components of the velocities of glass-mass flows in this
zone will appear on the monitor. All the results of calculation of the temperature fields and velocity fields can be writ-
ten in the protocol of the caculation.

The transient thermal and convective processes in different zones of the glassmaking furnace are given in Fig. 3.

As we see, changes in the temperature and the velocity of flow of the glass mass are the most intense in the
melting zones below the central burners.

The amplitude of flow-velocity oscillations in the zone of melting of glass below the third burner attains
~0.017 m/sec for a steady-state value of ~0.0083 m/sec. The velocities of flow of the glass mass in the refining and
cooling zones are approximately half as low. In the transition regime, the flow velocities have a damping oscillatory
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Fig. 3. Transient processes in the glassmaking furnace: 1, 2, and 3) maximum
temperatures T(t), °C, in the zones of the gas burners and of the furnace arc
and the upper glass-mass layer; 4, 5 and 6) maximum horizontal velocities

VO, m/sec, of the glass mass in the zones of refining, cooling, and melting.

character. The frequency of the oscillations of the velocity of glass-mass flow is approximately twice as high as the
oscillation frequency in the refining zone.

Thus, the constructed mathematical model realized in the software system enables one to solve various practi-
cal problems of analysis of the heat and mass exchange in a glassmaking furnace and the synthesis problems on opti-
mization of the parameters of the furnace, the characteristics of the glass mass, and control actions without carrying
out series of expensive, energy-intensive, and lengthy field measurements.

NOTATION

0, vector operator; grad, gradient vector of the scalar function; DZ, Laplace operator; p, density of the glass
mass, kg/m3; V(x, z t), vector field of flow velocities, T(x, z t), temperature field;, P(x, z t), pressure field; g, gravi-
tational acceleration vector, m/%cz; B, coefficient of thermal expansion of the glass mass, °C_1; Vv, kinematic viscosity
of the glass mass, mzlsec; k, thermal diffusivity of the glass mass, mzlsec; t, time; u(x, z t) and w(x, z t), compo-
nents of the velocity field along the x and z axes, m/sec; h, characteristic height of the glass-mass layer, m; T, nomi-
nal temperature, °C; AT, temperature difference, °C; 6(x, z t), deviation from the zlinear profile of the temperature
field, °C; Y(x, z t), stream function, mA/sec; Pq(t), B4(t), and By(t), amplitudes in the representations of the stream
function, mzlsec A, characteristic dimension of the closed trgjectory of convective glass-mass flow in the x direction,
m; r, cl) polar coordinates, Fy, projection of the reduced mass forces onto the ¢ axis in the polar coordinate system,
m/sec Vo(z ¢), projection of the component of the flow-velocity vector in the polar coordinate system, m/sec; P(¢),
pressure, Pa; hy, and R, geometric parameters (thickness and average radius) of the annular convective flows, m;
AT($), configuration of the temperature field, °C; ATp, maximum horizontal temperature difference, °C; u, dynamic
viscosity of the glass mass, Palsec; z = r — R, coordinate of the height of the molten glass-mass zone, m; (Vy) and
(Wp), average components of the vector of the glass-mass-flow velocity, m/sec; p, correction factor; Ty, Tp, ..., Tap
and Ty, Ty, ..., T3, temperatures averaged over volume eements, °C, and their time derivatives, °C/sec; ¢;, ¢y, ...,
c31, effective heat capacities, J °C (the absence of subscripts from 19 to 25 is attributed to the fact that these number
are "occupied’ by the equations of motion of the glass mass in different zones of the furnace); g; o, 017 ..., effective
thermal conductivities between volume elements, W/°C (the subscripts denote the numbers of the volumes between
which we have heat exchange); G7med: Gsmed --» O31meds thermal conductivities with the ambient medium, W/°C (the
figure in the subscript denotes the number of the volume element); py, pp, and pg, correction factors of the model (the
presence of the omitted subscripts is due to the fact that in the paper there are no equations of the furnace cross sec-
tion where they are employed); Tredl, Tmed2 - Tmedo, average temperatures of the ambient medium in different zones
around the furnace, °C; N; and N strengths of the heat sources in a linear-relay-type thermal-control system, W (i
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=1, 2, .., 6 corresponds to the number of the burner in the furnace); T;. controlled temperature in the volume ele-
ment, °C; 7" and TI" parameters of the law of temperature control (prescribed temperature and zone of linear
change of the temperature), °C. Subscripts and superscripts: ann, annular; med, medium; melt, melting; ref, refining;
cool, cooling; max, maximum; pr, prescribed; lin, linear.
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